
Analysis of Rectilinear Rivulet Flow 
A liquid flowing over a nonwettable surface can form rivulets of vari- 

ous types. The regime of rectilinear rivulet flow plays a key role in that it 
provides the basis for the study of the other regimes. 

An analytical solution for the velocity distribution of rectilinear rivulet 
flow down a vertical plate is derived. A generalized Ritz-Galerkin method 
is used to obtain a polynomial solution for the case of an inclined plate. 

These results, unlike those of previous authors, enable one to calculate 
all the rectilinear flow properties of rivulets over the complete range of 
practical interest. 

MICHAEL BENTWICH 
DAVID GLASSER 

JOCHEN KERN 
DONALD WILLIAMS 

Department of Chemical Engineering 
University of the Witwatersrand 

Johannesburg 2001, South Africa 

The flow of rivulets down inclined surfaces occurs in 
many types of process equipment such as condensers, 
packed beds, and trickle flow reactors. A prerequisite for 
describing these processes scientifically is a knowledge of 
the velocity distribution within the rivulet. The velocity 
distribution in a laminar rivulet is of particular importance 
because it provides the basis for the understanding of 
other types of rivulet flow. Instabilities in the laminar 
rivulet are responsible for the transition to drop, meander- 
ing, and turbulent flow, for instance. A theoretical study 
of each of these phenomena would first require the solu- 
tion to the laminar flow problem. 

Previous methods have been limited to perturbation ex- 

pansions for low contact angles or dir6ct numerical analy- 
ses for flow down a vertical plate. The results are of limited 
use for the needs expressed above. 

By means of a bipolar conformal transformation, an 
analytical solution is derived for the case of the vertical 
plate. 

For the nonvertical case, the normalized velocity dis- 
tribution (W) can be expressed in terms of two parameters 
which represent ratios of the forces acting, namely, the 
contact angle (0) and the rivulet height made dimension- 
less with the capillary constant (A), and all cases are coy- 
ered by the range 0 & 0 & 180 deg., 0 4 A 2 sin (0/2). 

CONCLUSIONS AND SIGNIFICANCE 
The analytical solution for the vertical plate has the 

form of an infinite integral which was evaluated by using 
a thirty-two point Gaussian-Laguerre quadrature. This 
was also reduced to a series solution by the method of 
residues. The integral solution was used as a test for the 
Ritz-Galerkin method. I t  was found that up to contact 
angles of 140 deg. a four-term expansion produced ade- 
quate velocity profiles. Furthermore, with additional terms 
in the series, even better approximations are possible, al- 
though at contact angles above 150 deg. the number of 
terms required becomes excessive. 

The same method was then employed to solve for the 
inclined flow problem. The above conclusion concerning 
the number of terms was found to hold with at least the 

same degree of accuracy; that is, four terms in the expan- 
sion gave adequate results up to 140 deg. 

Under these circumstances, the results can be presented 
in graphs showing the mean velocity and the values of 
the four coefficients (Aol, Am, All, Alz) over the range 0 

All the useful results produced in this paper are sum- 
marized graphically. In conjunction with tht: interface 
equations, they provide a complete and compact descrip- 
tion of the velocity profiles in a laminar flow rivulet over 
the entire range of practical interest. 

The generality and simplicity of the results is such that 
they can be readily used for the analysis of transfer proc- 
esses as well as stability problems. 

e 140 deg. 

A large number of transfer operations involve the simul- 
taneous presence of gas, liquid, and solid phases. Evapora- 
tion, condensation, and packed-bed processes are a few 
examples. It is frequently assumed, and often found, that 
the liquid flows as a film over the solid surface. However, 
depending on the dynamic conditions as well as on the 
interfacial tensions, such a film can break up into rivulets 
which may be desirable, as in the case of the trickle-bed 
reactor, or undesirable, as in a thin film evaporator. In 
any event, the changed hydrodynamic characteristics will 
have a marked effect on the heat or mass transfer in such 
a system. 

When looking at a surface over which rivulets are flow- 
ing, one observes a rather chaotic picture with the surface 
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covered by different types of rivulets. In a recent classifi- 
cation, Kern (1975) has shown that most types of rivulets 
can be described with reference to straight laminar flow. 
It  is the aim of this article to provide the hydrodynamic 
relationships describing the velocity distribution in a 
single laminar rivulet. On the basis of these results, one 
is then able to investigate discharge, heat, and mass trans- 
fer as well as stability. 

Two difficulties are encountered in attempting an ana- 
lytic solution to this problem. They are both related to 
the gas-liquid interface which forms part of the boundary 
of the flow cross section. First, in the general case, this 
interface cannot be specified in explicit form; it is the well- 
known elastica which, only for a vanishing gravity com- 
ponent, reduces to the arc of a circle. (This latter case 
of a rivulet flowing in the direction of gravity is of particu- 
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lar interest since it can be solved analytically.) The sec- 
ond problem arises from the fact that the boundary con- 
ditions are of a mixed type, and this further complicates 
the solution of the governing equations. 

All previous approaches were limited in that they either 
considered a drastically simplified problem for analytic 
treatment or proceeded to a direct numerical simulation. 
The latter approach results in a set of numbers which 
are often inconvenient for further studies. Towell and 
Rothfeld (1966) limited their analysis to very flat rivulets 
and contact angles less than 20 deg. In that case, experi- 
ment shows that a parabolic (one dimensional) velocity 
distribution is satisfactory. Kern (1969) presented a nu- 
merical finite-diff erence solution to the specific case of 
constant interfacial curvature. Good agreement with ex- 
perimental results was found up to a contact angle of ap- 
proximately 100 deg. Allen and Biggin (1974) improved 
the solution of Towell and Rothfeld by expanding the 
velocity as a power series and solving the first-order prob- 
lem. For comparison, they present a set of isovelocity 
lines computed with a finite element scheme. Although 
the improvement in accuracy is difficult to assess from 
just one result, it appears that the first-order solution be- 
comes quite inaccurate for large interfacial curvatures 
which are encountered with contact angles above 50 deg. 
The present approach eliminates these shortcomings and 
yields accurate results for any contact angle of practical 
interest, that is, up to values of 150 deg. 

We first present an analytic solution to the vertical flow 
problem against which our series solution can be checked. 
The series solution is then obtained for the general case 
of flow over an inclined surface. 

VERTICAL FLOW 

In the following it is assumed that flow is parallel to 
the gravity vector so that the flow cross section of the 
rivulet is just the segment of a circle (Figure 1). The fol- 
lowing assumptions are made: steady and laminar flow 
over a flat and vertical plate, one-dimensional flow parallel 
to the z axis, incompressible Newtonian fluid, no slip at 
the solid-liquid interface, and no shear at the liquid-gas 
interface. Under these conditions, the Navier-Stokes equa- 
tions reduce to 

ap - = o  
dX 

a2w a2w - +y- - -q /v  
ax2 ay (3)  

The boundary conditions result from the fourth and fifth 
assumptions and are 

w(]xILRsinO,y=O)  = O  (4) 
and 

on 
x2 + ( y  + D ) 2  = R2 I 

Equation ( 5 )  simply expresses, in Cartesian coordinates, 
the vanishing shear normal to the gas-liquid interface. 

For direct comparison with the corresponding film analy- 
sis, the maximum rivulet height 6 is introduced as a refer- 
ence length. For vertical flow 

(6)  s = ~ ( 1  - cos e )  

Fig. 1. Coordinate system for vertical rectilinear flow. 

With 

(7) 
W ' Y  

X = x/6, Y = y/& and W IE - 
gs2 

the governing equation becomes 

( 3 4  

The transformed boundary conditions are 

where 

and 

W(lX1 La3, Y = 0 )  = 0 (4a) 

c ~ , = s i n 8 / ( 1  - case) 

x2 + ( Y  + a c ) 2  = (ag  + a,)' J 
where 

Methods of Solution 
An exact analytic solution to Equation (3a)  subject 

to the boundary conditions (4a) and (5a )  is obtained by 
conformal mapping. Formally, the solution can be ex- 
pressed as 

ac = cos e / ( i  - cos e) 

(8)  

where 4 is a harmonic function. The expression in the 
bracket is one of many possible particular solutions. The 
choice made here simplifies the algebraic manipulations 
which are required to evaluate 4. Clearly, W is symmetric 
with respect to X, and in view of the form (8 ) ,  so is 4. 
Also, it follows from condition (4a) that 4 vanishes on 

-as < x < ffs, Y = 0 
Admittedly, 4 would have vanished on the solid boundary 
with any term linear in Yn, n > 0. The choice -acY/2 
simplifies the treatment of the condition imposed on the 
arc bounding the domain under discussion, 

By choosing the appropriate logarithmic branch, the 
transformation 

5 = .$ + iq = In [ ( x  - a s ) / ( z  + 4 1  (9) 
maps the domain of flow onto the infinite strip (7 < ?1 < 
V ,  - 00 < .$ < 0 0 ) .  Here (f, T )  are the so-called bipolar 
coordinates which have the following geometric signifi- 
cance (see Figure 2) :  7 is the angle between the lines 
joining a generic point with the poles (-as, 0) and 
(as, 0) ,  and 5 is the logarithm of the ratio of their re- 
spective lengths. As explained in a paper by Bentwich 
( 1976) on two-phase Poiseulle flow, this transformation 
has three discernable features. First, it is conformal so 
that c j ~  is harmonic not only in (X, Y )  but also in (5, q). 
Second, the transformation maps the center line X = 0 
onto .$ = 0. Therefore, the symmetry of 4 with respect 
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A R  B 

Fig. 2. Coordinate transformation for bipolar solution. 

to X gives rise to symmetry with respect to [. Lastly, 
the chord and arc along which conditions (4a) and ( 5 ~ )  
are imposed are conveniently defined by 7 = TI and q = 
y zz ( v  - 6 ) ,  respectively. Evidently the general expres- 
sion for 4, which is harmonic, symmetric with respect to 
f ,  and vanishes on 7 = r ,  is given by the cosine integral 
in the following expression: 

In terms of the bipolar coordinates condition (5a )  re- 
duces to 

1 (cosh~cosy - 1) 
2 ( cosht - COSY) 2 

- - sinycosy 

- Jm f ( P )  @ash [rB(V - Y)l cos ( P f ) d P  

where the first two terms are derived by differentiating 
Y2 and Y with respect to 7. Y ([, 7) is obtained from the 
transformation (9) .  Standard procedure is adopted to 
invert the cosine integral and hence solve for f ( P ) .  The 
solution for W is thus found to be 

1 sinh[P(?r - y)]  sinh[P(.rr - 7)]  

p sinh(ps)cosh[P(n - 71 
x cos(P5)dP (11) 

Jm [1+ ( s i n z y ) ~ ~ ~  - 

This form readily yields numerical results for the cen- 
ter line 5 = 0. In such cases, cos(P[) is unity, and for 
large ,8 the integrand is very nearly 

+ (sinY)2 PI exp ( - f l y )  

Thus, one can integrate analytically for the tail end of 
the integral over the range 3 < P < a. Over the finite 
range 0 < p < 3 one can substitute an approximate sum- 
mation for the integral. The entire computation can be 
carried out on a pocket computer. 

Away from the center line, the integration becomes 
difficult because of the repeated sign change of cos(Pt). 
But in this case, the cosine integral over the semi-infinite 
range can be replaced by an integral over the entire P 
range with 1/2 exp (ifif) replacing cos ( p f )  . One can then 
consider p as the real part of a complex variable and com- 
plete that integral over a semicircle in the complex do- 
main. The resulting integral can be evaluated by calcu- 
lating the residues, and the expression for W becomes 

Page 774 July, 1976 

It  is seen that both series in Equation (12) converge 
rapidly for [ = 0 but rather slowly on the center line. 
Hence, the two solutions (11) and (12) complement each 
other, and velocities can be readily calculated anywhere 
in the domain. 

However, it is apparent that the calculation of the 
average velocity or discharge becomes difficult. Here a 
d&erent method proves more convenient. 

This method is based on the Ritz-Galerkin approach 
(for details see Kantorovich and Krylov, 1958, 11. 272) as 
applied to the integral: 

It is first noted that “of the class of functions W that 
satisfy condition (4a) the one which makes I an ex- 
tremum also satisfies the governing equation and condi- 
tion (5a) .” This is easily shown by adopting the notation 
and concepts of the calculus of variations, Indeed, the 
first variation is 

81 = s$ [ v ( w )  v (Sw)  + 8WldXdY 

= $ (aW/an)SWds + s$ (1 - V2W)GWdxdy 

(14) 
where ds signifies integration only over the free sUrface.O 

It is clear from Equation (14) that if 61 vanishes for 
arbitrary GW, then the multiplier of this term in both 
integrands should vanish. This proves the quoted state- 
ment. 

The solution sought can be expressed as 
N M  

W = AmnXZmYn 
n = l  m=O 

N M  

n = l  m=O 

In view of the symmetry and condition ( 4 a ) ,  rwpectively, 
terms containing odd powers of X and the terms XZmYo 
are not included. For ( M ,  N )  + 00, the form (15) is a 
valid representation of W and constitutes a convergent 
series throughout the domain in question. This is so be- 
cause the domain does not contain singular points (see 

* A s  W is prescribed on the solid [it satisfies Equation 14Q)l hut not 
on the free surface, the variation SW vanishes on Y = 0 and makes no 
contribution to the expression for S I ,  whereas the variation SW on the 
free surface does contribute. This mixed treatment of the two boundaries 
differs slightly from those appearing in most texts. 
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Appendix) .* Convergence (Bentwich, 1976) implies that 
the exact solution can be defined in terms of the doubly 
infinite set of constants A,, and that an approximate 
solution of any desired accuracy can be obtained by suit- 
ably choosing the upper finite limits M and N .  In order 
to evaluate the coefficients in ( I s ) ,  the results of the pre- 
ceding paragraph are used. It follows from these that I 
must be an extremal function of the variables (Ao*, A02, 

All, . . . . .) if the remaining conditions ( 3 a )  and (5a) 
are to be satisfied, Therefore, it is necessary that 

aI/a&, = 0 m = 0 . .  . . . . M 

n = l . . . . . . N  
(16) 

When Equations ( 13) and (15) are used, these conditions 
reduce to 

i = o  j=l 

- L B m n d X d Y  = 0 (16a) 

and this linear set can be easily solved. 

Results 
It is clear that the accuracy of the modified Ritz- 

Galerkin scheme improves with larger N and M .  However, 
the most efficient solution will be that which needs a 
minimum number of terms without producing a significant 
error. For any given set of polynomials, the maximum 
velocity (at the North Pole) was found to be a sensitive 
indicator and will therefore be the only local velocity used 
here for comparison purposes. 

The maximum velocity was first calculated from Equa- 
tion (11) and is plotted in Figure 3 as a function of the 
contact angle 8. The integration was performed by using 
a thirty-two point Gaussian Laguerre quadrature in double 
precision. To test the accuracy of the evaluation of the 
integral, different scale factors on ,8 were used, and it was 
found that the reproducibility deteriorated steadily as e 
increased. Thus, at e = 150 deg. the reproducibility was 
about 1 in 5 000, while at 160 deg. it was 1 in 500 and 
at 170 deg. it was 1.5 in 100. I t  is noted that the plotted 
values agree with those available from the numerical ap- 
proach (Kern, 1969) within 1%; hence, the latter are 
not specifically shown. 

Testing the modified Ritz-Galerkin scheme against these 
results, one finds a surprisingly good agreement when only 
the first four terms of Equation (15) are used. Since the 
values of the coefficients will be presented later, only the 
relative errors of both maximum and average velocities 
are shown in Table 1. The errors in the average velocities 
are obtained by comparison with the numerical ones from 
Kern (1969). 

As expected, the four-term expansion becomes less ac- 
curate with increasing curvature of the isovelocity lines, 
that is, for very large as well as very small contact angles. 
However, it is easy to compute the higher coefficients if 
improved accuracy is required. The convergence of Equa- 
tion (15) with increasing number of terms in the expres- 
sion is illustrated in Table 2. This demonstrates that be- 
yond e = 150 deg. an unreasonably large number of co- 
efficients would be necessary for high accuracy. On the 
other hand, such contact angles are unlikely to occur in 
a physical situation. 

Supplementery material has been deposited as Document No. 02839 
with the Nationnl Auxiliary Publications Servi-e (NAPS), c/o Microfiche 
Publications, 440 Park Ave. South, New York, N. Y. 10016 and may 
be obtained for $3.00 for microfiche or $5.00 for photocopies. 
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Fig. 3. Maximum surface velocity of a vertical rivulet. 

TABLE 1. RELATIVE ERROR cm VERTICAL FLOW ANALYSES 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 

- 
0.73 
1.04 
1.03 
0.77 
0.41 
0.07 

0.03 
0.14 
0.29 
0.35 

-0.97 
-3.58 
-8.66 
- 17.58 
-33.63 

- 0.07 

- 
-0.01 
-0.05 
-0.11 
-0.15 
-0.15 
-0.12 
-0.07 
-0.09 
- 0.44 
- 0.49 
- 0.93 
-2.02 
-4.38 
-8.65 - 
- 

Wavg,eq. (15) - Wavg,numer. 
eavg = 100 [%I 

Wavg, numer. 

FLOW OVER INCLINED PLATE 
The important conclusion to be drawn from the previ- 

ous section is that polynomials of relatively low order are 
suitable to represent the velocity distribution in a rivulet 
of constant interfacial curvature. However, this conclu- 
sion also applies to flow over an inclined plate along the 

AlChE Journal (Vol. 22, No. 4) July, 1976 Page 775 



TABLE 2. CONVERGENCE OF RITZ-GALEWIN SOLUTION FOR 
VERTICAL FLOW 

Wmax,eq.(15) 
Number of coefficients 

8 4 9 24 40 Wmax,eq. (11) 

130 0.4397 0.4408 0.4433 0.4432 0.4440 
150 0.4843 0.4935 0.5131 0.5203 0.5303 
170 0.5273 0.5585 0.6301 0.6586 0.7945 

Fig. 4. Coordinate system for rectilinear flow over an inclined plate. 

line of largest slope. In this case, the velocity profiles 
do not change in character, the only additional problem 
being the more complicated shape of the rivulet, This has 
been analyzed by many authors so that only a summary 
will be presented here. 

Governing Equations 

take the form 
According to Figure 4, the Navier-Stokes equations 

and 

ap 
ax 
- = o  

a2w a2w gcosff -+2=-y 8x2 ay (19) 

The boundary conditions become 

and 
w ( l X p , y = O )  = o  (20) 

From Equation (18) and the Laplace-Young equation, 
one finds the differential equation describing the inter- 
facey(x) : 

- 2 [ 1 +  ( 3 2 1 - 3 ’ 2 -  __- - -  y s 1 - case 
dx2 a2 2a2 s 

(22) 
Here we have introduced the capillary constant 

which contains all the shape-determining physical proper- 
ties of the liquid. 

It is seen that the solution of Equation ( 2 2 )  is un- 
affected by Equation (19); that is, the cross section of 
the rivulet is determined independently of the velocity 
distribution. However, Equation (21) shows that the 
converse is not true. Consequently, one has to solve Equa- 
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tion (22) before proceeding to the solution of the flow 
equation, 

For the same reason as before, we nondimensionalize 
the system with the maximum height of the rhuulet; that 
is 

and 

- x = x / 6 ,  Y = y/6, Y =:/a 

It is noted that the capillary constant [Equation (23)] 
could also serve as a reference length (see Towel1 and 
Rothfeld, 1966) and is in fact a more readily available 
parameter. But in that case, the comparison of velocities 
at different tilts of the plate becomes rather meaningless; 
thus we prefer to employ 6 rather than a. 

The velocity distribution is governed by 

a2w a2w 
(194 - 

ax2 + ~ = - l  

W (1x1 b/6, Y = 0 )  = O 
and 

o on Y =T(x)  (XU) 
a 7  aw aw --.- +-= ax ax ay 

The curved interface is given by 

d y  2 -3/2 %[ dX2 1 + (  ,> ] 
= ( $ ) 2  ( 7 - f ) - ( 1  - COSB) (22a) 

with boundary conditions - 
Y(X = 0) = 1 

and (25) 
dY 
- ( X = O )  dX = o  

It is known (Goodrich, 1961) that the solution to 
Equation (22a) can be given only in parametric form. 
Using the transformations 

(26) 
and 

dF - = tan2$ 
dX 

one obtains 

X = - {  2 E ( J I , h )  -E(r /2 ,A) - ( l - y - )  S b 2 A  
AsinX L 

[ F ( J I ,  1) - F(a/% X)I } (28) 

Here, E and F are the elliptic integrals of the second 
and first kind, defined by 

* 
E (JI ,  A) = ( 1 - sin2Xsin24) 1/2d+ 

and 
0 

F ($, A )  = ( 1 - sin2Xsin2+) -1/2d+ 

It also follows, by integrating Equation (22a) once, that 
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- 1 1 -case 2 Y = - +  -- (1 - ShZAsin%) 
2 AS Asasinx 

(27a) 

Hence, $or any combination of parameters A and 0, one 
finds h from Equation (26), JI as a function of 7 from 
Equation (87a), and X($, h )  from Equation (28). 

Once the flow domain is established, the velocity can 
be calculated from the Ritz-Galerkin method as given 
by Equations (15) and (16a). However, the general 
problem is characterized by the additional parameter Add- pgsina 

U 

Thus, the coefficients of the velocity polynomial now de- 
pend on two parameters, A and 8. A is zero for ver- 
tical flow, but we can also specify an upper limit which 
depends on the contact angle alone. Since 

is the maximum height of the rivulet at infinite flow rate 
(see Rayleigh, 1915), it is clear that 

= 2sin (el21 (30a) 

The parameter domain over which velocities have to be 
calculated is therefore limited to 

oo L e 4 1800 
and (31) 

0 L A  4 %in( 0/2) 

R e s u b  
Before we present the numerical results evaluated by 

the above procedure, it is useful to discuss the general 
structure of the solution and some limiting values. For 
this purpose we refer to Figure 5, where the average 
velocity IT  is plotted qualitatively as a function of the 
two parameters A and 8. For vertical flow ( A  = O), 
reaches a minimum value at a contact angle of 8 E 60 
deg. When 8 approaches 0 deg., that is, when the rivulet 
of constant height S becomes infinitely wide, the limiting 
value is found by L’Hospital’s rule and is 

(32) 
- 
W(A = 0, e+ 00) = 0.229..  , 

On the other hand, one can prove that the limiting 
value for large contact angIes is 

(33) 
- 
W ( A  = 0, e+ 1800) = 00 

This is true in spite of the fact that the rivulet still 
maintains a line of contact with the solid surface. 

At the maximum value of A and any intermediate con- 
tact angle, the rivulet again becomes infinitely wide but 
not in the same way as for the vertical rivulet. Figure 6 
illustrates the difference. On the inclined plate, end effects 
become negligible, and the flow cross section tends to 
fill the bounding rectangle of finite height [see Equation 
(30) 1. Therefore, the average velocity approaches that 
of a falling film; that is 

- 
W(Amax) = 1/3 (34) 

On the vertical plate, however, the cross section of the 
rivulet becomes two-thirds of that of the bounding rec- 
tangle when the contact angle approaches zero. Hence, 
even in the limit the average velocity must be smaller 
than one-third. The point ( A  = 0, 8 = 0 deg.) is thus 
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Fig. 5. Qualitative plot of isovelocity lines with limiting values. 

Fig. 6. Approaching infinite wetted width in vertical (top) and 
inclined flow (bottom). 

characterized by a limiting value of which depends 
on the way we approach the limit. Apparently, the same 
applies to the point ( A  = 2, 8 = 180 deg.) . For Amax and 
0 fractionally smaller than 180 deg., the wetted width is 
infinite, and = 1/3. Only at the theoretical value of 
= 180 deg. will the wetted width shrink to zero (line 
contact) so that w = co. 

Although these results seem to be of academic interest 
only, they do supply physical insight into the general 
flow properties of rivulets and enable one to complete 
Figure 5 for 0 < h < 2sin 0/2. It is seen that the iso- 
velocity lines are very closely spaced in the important 
range A > 0.8 Amax, so that a different type of graph is 
required for reading off actual values, 

From the numerical calculations it was found that 
the velocity distribution can again be adequately repre- 
sented by a second-order polynomial, and the accuracy 
is satisfactory up to a contact angle of 140 deg. In Table 
3 the convergence of the Ritz-Galerkin method is dem- 
onstrated by comparing the four with the nine coefficient 
solution at various values of A. Although the table does 
not show the absolute error for the results, it demonstrates 
that the trends for A > 0 are the same as for A = 0. 
Hence, we conclude that the solution is equally accurate 
for the inclined and the vertical plate configurations. 
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TABLE 3. CONVERGENCE OF RITz-GALEFUUN SOLUTION AT LARGE CONTACT ANGLES 

e = 130 deg. 
A W 4 coeff. 9 coeff. 

0 max 
a% 

0.5 max 
avg 

0.9 max 
avg 

1.5 rnax 
a% 

0.4397 
0.2837 
0.4351 
0.2775 
0.4280 
0.2665 
0.4329 
0.2549 

0.4408 
0.2877 
0.4359 
0.2809 
0.4283 
0.2690 
0.4324 
0.2558 

This is confirmed by further calculations up to twenty- 
five terms which are not displayed here. 

With the solution restricted to four terms, the coefficients 
can be plotted as a function of A and 0 so that the velocity 
at any point of a rivulet is obtainable from four graphs 
(Figures 7 to 10, available as a microfilm appendix).* 
In this case, the velocity is expressed as 

W = AolY + A11X2Y + Amy2 + A12X2Y2 (35) 
It  should be pointed out that in spite of the separate 

mathematical treatment, the vertical flow (A = 0) now 
appears as a special case of the inclined flow. This is, 
of course, expected for purely physical reasons. The malri- 
mum velocity at y = 6 (Y = 1) is readily evaluatsd 
from 

Wmax = AOI + AOZ (35d 
However, determination of the average velocity requires 
integration over the cross-sectional area which, in the 
general case, cannot be performed analytically. The 
method of solution employed supplies the volumetric 
flow rate as a by-product which can be divided by the 
flow area to obtain the average velocity given in Figure 
11. The flow rate or discharge of a rivulet is then cal- 
culated from 

n =  Q * v  = A . W  (36) 
64 gcos a 

where 

is the cross-sectional area (see Allen and Biggin, 1974). 
The elliptic integrals can be evaluated from tables. Figure 
11, together with Equations (36) and (37), thus supplies 
all the information required on the integrated properties 
in a very compact form. The nine coefficient solution for 
the average velocity at e = 150 deg. is included in 
Figure 11 and demonstrates that values larger than one- 
third are obtained at high contact angles. However, the 
numerical values cannot be regarded as very accurate 
because, at this contact angle, the convergence becomes 
poor, particularly for small values of A. 

NOTATION 

A = dimensionless flow area of rivulet 
A,, = Ritz-Galerkin coefficient 
a 
b 

= dw/(pgsina) = capillary constant, m 
= wetted half width of rivulet, m 

See footnote on p. 775. 
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9c./4c. 

1.003 
1.014 
1.002 
1.012 
1.001 
1.009 
0.999 
0.999 

4 coeff. 

0.4843 
0.3350 
0.4744 
0.3226 
0.4572 
0.3006 
0.4389 
0.2692 

8 = 150 deg. 
9 coeff. 

0.4935 
0.3496 
0.4809 
0.3347 
0.4608 
0.3088 
0.4394 
0.2727 

9c./4c. 

1.019 
1.044 
1.014 
1.038 
1.007 
1.027 

1.013 
1.001 

34 

33 

32 

31 
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- 29 y 28 

27 

26 
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24 

22 

0 1 2 3 4 5 6 7 2  9 10 11 12 13 14 15 16 17 18 19 
A 

Fig. 11. Average velocity of a rivulet as a function of .i and 8. 

D 
E ,  F = elliptic integral of second, first kind 
g 
I 
i, i, m, n, M, N = integer 
P = pressure, N/m2 
Q 
R = radius of curvature, m 
w = velocity, m/s 
W , v  = dimensionless local, integrated velocity, Equa- 

' J  Y = Cartesian coordinates, m 
X ,  Y = x/S, y/6 = dimensionless coordinates 
y, Y = interface coordinate, see Figure 4 
z = complex variable 

= R - S (see Figure l ) ,  m 

= acceleration due to gravity, m/s2 
= integral defined by Equation (13) 

= volumetric flow rate, m3/s 

tions (7)  and (24) 

-- 

Greek Letters 

as, ac = functions of 8, Equations (4~) and ( 5 ~ )  
p , a  = dummy variable 

= 
8 = maximum height of rivulet, m 
A = S/u = dimensionless maximum height 
5 = complex variable 
7) = imaginary part of 6 
8 = contact angle, deg. 
A = function of A and 8, defined by Equation (26) 

= kinematic viscosity of liquid, m2/s 
f = real part of 6 
p = density of liquid, kg/m3 
u = surface tension of liquid, N/m 
+ = harmonic function defined by Equation (8) 
Q, = function of X and Y defined by Equation (15) 
+ = function of 7 defined by Equation (27) 
Q = dimensionless flow rate 

= tilt of plate from the vertical, degree 

- e = function of contact angle 
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Elect ro poIa riza t ion Chromatography 
JOAQUIM F. G. RElS 

and 
E. N. LIGHTFOOT The utility of electropolarization chromatography for fractionation of 

native protein mixtures is examined both mathematically and experimentally. 
Mathematical prediction based on a simplified but basically realistic 

model of this process suggests it to be very promising for both analytical 
and preparative purposes. 

This expectation is borne out by tests with well-defined proteins in 
single ultrafiltration fibers. The major observed departure from model pre- 
diction is an unexpectedly sharp increase in retardation at a critical volt- 
age specific to the protein and composition of the carrier electrolyte. This 
permits sharper separations than previously expected and is thus favorable. 

Department of Chemical Engineering 
University of Wisconsin 

Madison, Wisconsin 53706 

SCOPE 
A new process, electropolarization chromatography or 

EPC, is proposed for the fractionation of native proteins. 
This process is described qualitatively and in terms of a 
relatively simple mathematical model which adequately 
encompasses most of its characteristic behavior. Pre- cially available materials. 

liminary experimental results are presented which support 
the model but also show the possibility of greatly en- 
hanced separation effectiveness under mild process con- 
ditions in simple equipment constructed from commer- 

CONCLUSIONS AND SIGNIFICANCE 
EPC is inherently superior to such processes as free- 

flow electrophoresis from the standpoints of resolution, 
removal of ohmic heat, and suppression of free convec- 
tion. It can be carried out in very simple equipment at 

modest voltages, and it offers unusual flexibility, both in 
choice of operating conditions and scale. Preparative 
separations appear to be feasible upwards from tens of 
micrograms without major scale-up problems. 

Electrophoresis has been known to be a powerful and 
flexible means for separating proteins since the pioneering 
experiments of Tiselius (1937), and it has been used for 
many years as an analytical tool. It has not yet been very 
successful on a preparative scale, however, and we have 
shown (Reis et al., 1974) that this is in part because of 
excessive convectively induced dispersion (Taylor diff u- 
sion). It is in fact clear from our analysis that high resolu- 
tion will inevitably be accompanied by prohibitive levels 
of ohmic heating in such processes as free-flow electro- 
phoresis (Hannig, 1964, 1969). 

We have accordingly proposed (Lee et al., 1974) as an 
alternate to free-flow electrophoresis (FFEP) a process 
we now call electropolarization chromatography (EPC) .E 

0 We have referred to this in the past as electrophoretic single-phase 
chromatography, and Giddings has used electrophoretic field-flow frac- 
tionation. The term EPC, proposed by Peter Rigopulos of Amicon Cor- 
poration, is more compact and emphasizes the key role of polarization. 

In this process, described more completely below, pulses 
of protein mixtures are added to a carrier solution flowing 
in a cylindrical duct of convenient cross section. The 
proteins are then segregated into the neighborhood of the 
duct wall and hence into slower moving regions of the 
carrier by the presence of a transverse electric field. The 
effective axial velocity of each component of the feed is 
determined by the degree of segregation, and this in turn 
depends on the electrochemical nature of the protein, in 
particular its charge density. 

We show in a separate mathematical analysis (Reis et 
al., 1976) that EPC is frequently much superior to FFEP, 
from the standpoint of potential resolving power, removal 
of ohmic heat, and control of free convection. We further 
show that ducts of circular cross section are particularly 
promising for control of geometry and flow distribution, 
for ease of heat removal, and for simplicity of manifolding 
in large systems. 
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